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ABSTRACT: We derive a product rule satisfied by restricted Schur polynomials. We focus
mostly on the case that the restricted Schur polynomial is built using two matrices, although
our analysis easily extends to more than two matrices. This product rule allows us to
compute exact multi-point correlation functions of restricted Schur polynomials, in the free
field theory limit. As an example of the use of our formulas, we compute two point functions
of certain single trace operators built using two matrices and three point functions of certain
restricted Schur polynomials, exactly, in the free field theory limit. Our results suggest
that gravitons become strongly coupled at sufficiently high energy, while the restricted
Schur polynomials for totally antisymmetric representations remain weakly interacting at
these energies. This is in perfect accord with the half-BPS (single matrix) results of hep-
th/0512312. Finally, by studying the interaction of two restricted Schur polynomials we
suggest a physical interpretation for the labels of the restricted Schur polynomial: the
composite operator Xg (r,r.)(Z,X) is constructed from the half BPS “partons” x;, (%)
and xr,, (X).
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1. Introduction

The AdS/CFT correspondence [[l] has provided the possibility of studying quantum gravity
non-perturbatively. A good example of this progress are the half-BPS type IIB geometries
in asymptotically AdS spaces, constructed by Lin, Lunin and Maldacena [ff] and their con-
nection with the semiclassical states of a free fermi system [JJ, fl]. It would be fascinating to
extend these studies beyond the half-BPS sector. The present work is directed at this goal.

In the boundary super Yang-Mills theory, the operators relevant for the half-BPS LLM
geometries are constructed using a single free complex Higgs field Z. The dynamics of a
single free matrix is captured by N free fermions in a harmonic potential [J-[]. At large
N this single matrix dynamics has a semiclassical description in terms of droplets of fermi
fluid in phase space. Remarkably, LLM showed that there is a similar structure in the
classical geometries in the bulk.



To go beyond the half-BPS sector, one needs to study multi-matrix dynamics. In
general, this is a formidable problem. There has however, been some recent progress: three
independent bases for general multi-matrix models have been identified. For a review of
these developments and the work leading up to them, see [§]. The basis described in [
builds operators with definite flavor quantum numbers; we call this basis the flavor basis.
The basis of [[[(] uses the Brauer algebra to build correlators involving Z and Z f: we call
this basis the Brauer basis. The Brauer basis seems to be the most natural for exploring
brane/anti-brane systems. The basis of [L1]] most directly allows one to consider open string
excitations [[2-[d] of the operator; we call this the restricted Schur basis. These three
bases do not coincide and a detailed link between them is an interesting open problem. All
three bases diagonalize the two point functions in the free field theory limit.

Completeness of the flavor basis was convincingly demonstrated [ff] by arguing that
the number of such operators matches the number of gauge invariant operators that can
be constructed [[7, at both infinite and finite N. The flavor basis also gives a group
theoretic way to approach higher point functions (see [J] where three and higher point
functions are obtained) and to obtain factorization equations which can be used to build
a probability interpretation [[§]. By exploiting supergroups [f]] have also explained how to
include fermions in addition to the Higgs fields. Finally, the one loop correction to these
two points functions has been considered in [1].

Arguments for the completeness of the restricted Schur basis in [[[1]] demonstrated the
number of restricted Schur polynomials matches the number of gauge invariant operators
that can be constructed [[[7], again at both infinite and finite N, for a number of examples.
A proof of this matching for infinite N is known [R{]. In this article we will compute exact
three and higher point correlation functions of restricted Schur polynomials, in the free
field theory limit.

Our approach to the computation of multipoint functions has a simple algebraic de-
scription: We start by deriving a product rule on the space of restricted Schur polynomials:
the product of any two restricted Schur polynomials can be expressed as a linear combi-
nation of restricted Schur polynomials. Applying the rule (n — 1) times we can collapse
the product of n restricted Schur polynomials to a linear combination of restricted Schur
polynomials. In this way, an arbitrary multipoint function can be reduced to a linear combi-
nation of two point functions - something that we know how to compute. These multipoint
functions contain dynamical information about the theory, and hence they should reveal
interesting physics. As an example, studying the Yang-Mills theory at finite N probes
truly quantum mechanical aspects of the bulk gravity. At finite N only fluctuations with
a low enough excitation energy can be interpreted as gravity modes propagating in the
bulk. It is appropriate, at low energies, to use the graviton degrees of freedom to set up a
perturbative description. At high energies, the description will employ more fundamental
microscopic degrees of freedom. Since
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with R the AdS radius and [, the ten-dimensional Planck scale, one might expect a break-



down of the low energy description at energies ~ N i [BF. Exact finite N multi-point corre-
lation functions were used in [PJ] to explore this expectation. Using an operator bosoniza-
tion of a finite number of nonrelativistic fermions [R], exact computations of three-point
correlators show that perturbation theory only breaks down at the scale N 2 [BJ]. There
are at least two other arguments for this scale: in [2J] the groundstate wavefunction [p4]
for a scalar field on AdSs arising from a mode with large angular momentum [ was studied.
The size of this wavefunction for an LLM graviton decreases with energy; at an energy
scale of ~ N3 it becomes of order the Plank scale. An argument for this scale can also
be made directly in the field theory: for operators constructed with a small number of
Higgs fields, operators with the same number of fields but with a different number of traces
are orthogonal at large N. Identifying the number of traces in an operator with particle
number, the supergravity Fock space structure emerges. However, when the number of
fields are of order N %, operators with a different number of traces are no longer orthogo-
nal 23, Rg] and “trace number” is just not a good quantum number. To go beyond these
energies, one needs to employ a new set of degrees of freedom that are weakly coupled and
hence provide a more meaningful description of the bulk physics than gravitons. In [RJ] it
was argued that these new degrees of freedom are the giant gravitons. The point is that
even at high energies, giant gravitons remain weakly interacting. The relevant correlator
computations are in the half-BPS sector. By using our product rule we can compute giant
graviton correlators that go beyond the half-BPS sector. Our results are consistent with
those of [R7 and we find that even in this more general setting giant gravitons continue to
furnish suitable high energy degrees of freedom.

Schur polynomials built from a single matrix have, by now, a clear interpretation in the
dual gravitational theory. Developing an interpretation for restricted Schur polynomials
in an important problem. Our methods allow a study of the interaction of two restricted
Schur polynomials, which should shed light on this issue. This is indeed the case: we
suggest a physical interpretation for the labels of the restricted Schur polynomial: the
composite operator X g (r, ) (£, X) is constructed from the half BPS “partons” x;, (%) and
Xrm (X). Evidence for this proposal comes from considering composite operators in which
the constituent partons are weakly interacting: the interaction of two such composites is
largely determined by the interactions of the partons.

In the remainder of this introduction we will describe the organization of this paper.
Section 2 describes the product rule satisfied by the restricted Schur polynomials. We focus
on polynomials built using two complex Higgs fields, X and Z. The analogous product rule
for the Schur polynomials is determined by the Littlewood-Richardson numbers. For this
reason, we call the numbers that enter our rule restricted Littlewood-Richardson numbers.
In section 3 we develop techniques that can be used to evaluate the restricted Littlewood-
Richardson numbers. Essentially, we perform a change of basis so that in the new basis
we can compute the restricted characters using the strand diagram techniques developed
in [If]. These methods are not very efficient and one is not able, in general, to effectively
deal with restricted Schur polynomials which have both a large number of X fields and a
large number of Z fields. There are however special cases for which we can obtain explicit



results. These results are used in section 4 to describe some aspects of the fully quantum
mechanical bulk gravity. In particular, we provide evidence that the giant gravitons (re-
stricted Schur polynomials for the totally antisymmetric representations) furnish suitable
high energy degrees of freedom, extending the half-BPS studies of [23]. In section 5 we
)(Z,X) is con-
structed from the half BPS “partons” x.,(Z) and x;,,(X). In section 6 we discuss our

present the evidence for our proposal that the composite operator x g (

Tn,Tm

results and outline some open problems.

2. A product rule for restricted Schur polynomials

The Schur polynomial xr(U) gives the character of U € SU(N) in the SU(XN) irreducible
representation labeled by Young diagram R. The representation obtained by taking the
direct product of two irreducible SU(V) representations Ry and Rj is in general reducible.
The number of times that irreducible representation 7" appears is given by the Littlewood-
Richardson number fg, r,.7. Using the fact that the Schur polynomials compute charac-
ters, it is clear that

Xe:(Z)XRo(Z) =Y [y RooX ()

Using this product rule, it is easy to compute multipoint functions in terms of two point
functions. For example, for three point functions we have

(X (2) xR (2)x5(2)T) = fry mor (X2 (Z)xs(2)1)
T

and for four point functions

(Xr: (Z)XR:(Z)X Ry (Z) = fri rotXT(2)XRs (Z)x5(2)T)

T
YN I rar fry v (xv(2)xs(2)1) -
T U

These results are in perfect agreement with the exact computations of [, 7. It is also clear
that we can compute n-point functions knowing only the product rule and the two point
functions. In this section we will argue that the restricted Schur polynomials themselves
satisfy a simple product rule.

2.1 Dual characters

To begin, we review appendix I of [14]. If two permutations o, 7 satisfy
Tr (0 Z%" @ X®™) = Tr (12%" @ X®™),

we say they are restricted conjugate. Restricted conjugate is an equivalence relation.
Clearly two elements o and 7 are restricted conjugate if they satisfy

o=p"lrp,



for some p € S;, X Sy,. Denote the number of restricted conjugate classes by N(n, m) and let
n?(n, m) denote the number of elements in the restricted conjugate class with representative
) With R an
irreducible representation of Sy, 4,, and (r,,7,,) an irreducible representation of S, x Sp,.

o. N(n,m) is also equal to the number of restricted Schur polynomials Ry

The equality between the number of restricted conjugate classes N(n,m) and the total
number of labels R, (r,,,7,) generalizes the familiar equality for the symmetric group of
the number of conjugacy classes and the number of irreducible representations. Introduce
the matrix

(M_l)m— = Z XR,(rn,rm)(U)XR,(rn,rm)(T)v (2'1)
(R,(rn,rm))

where the sum on the right hand side runs over all possible labels (R, (ry,7m)). The
restricted character is defined by [[[4]

XR,(rn,rm) (U) =Tr (rn,Tm) (FR(U)) .
Define the dual restricted character (which we denote by a superscript) by

n!m!

R7 Tn,Tm —
Xrmrm) (o) = o (o) Z M7 XR,(r ) (T)-

7],

The indices o and 7 that appear in (R.1)) run over the restricted conjugacy classes. Denote
the restricted conjugacy class with representative v by [Q/J]T. It is clear that

Do X @)XR i (0) = nlmlS([o], [p],)- (22)
R,(Tn,mm)

In appendix A we derive a formula for the dual restricted character in terms of the restricted
character. To correctly state this formula, we need to spell out both the row and the column
indices that are summed in the trace. For an “on the diagonal block” trace, the column
and row indices that are summed come from the same carrier space and we are summing
diagonal elements of the matrix; for an “off the diagonal block” trace, the column and
row indices that are traced come from distinct carrier spaces so that we are summing off
diagonal elements of the matrix.! Indicating both row and column indices of the restricted
trace, the dual character is given by

B drn!m!
B drndrm (n + m)

XR,((T"me)v(S'msm)) (7—) |XR,((Sn,Sm),(Tn,T’m)) (T) (23)

2.2 Product rule

We will now define what we call restricted Littlewood-Richardson numbers. The restricted
Littlewood-Richardson numbers determine the product rule for restricted Schur polyno-
mials in exactly the same way that the Littlewood-Richardson numbers determine the
product rule for Schur polynomials. Let R; be an irreducible representation of Sy, 4m,

1See [E, @] for more details.



and let (ry,,rm,) be an irreducible representation of S, x Sp,,. Let Ry be an irreducible
representation of Sp,4m, and let (rp,, 7 m,) be an irreducible representation of Sy, X Sp,.
Finally, let Ri42 be an irreducible representation of Sy, 1ny4mi+m, and let (1, o, 7m; )
be an irreducible representation of Sy, 4, X S, +my. The restricted Littlewood-Richardson
numbers are defined by

Rit2,(rng9:mmy o) _ 1 (2.4)
Rlv(rnlﬂ"ml)RQv(rngﬂ"mg) nlln2!m1!m2! ’

Riy2,(rng orm
X Z Z XRi,(ny 7T77l1)(UI)XR27(T”27T"L2)(O-2)X 1425(Tng g7 1+2)(o'1 0 03).

o1 ESnl +mq 02 eSnQ +mo

To streamline the notation, from now on we will replace the composite label R;, (7, 7m,)
simply by {i} and we define nis = ny + ng, mi2 = my + mo. With the new streamlined
notation we write
1+2 1
= X > xuen)xe o)X (o1 0 o).

{12 ™ nmolm lme!
12 ! 2 0'1€Sn1+m1 02€S7L2+m2

The restricted Schur product rule says

Xy (2 Xxey (2, X) = > 1 xaen(Z,X), (2.5)
{142}

A few comments are in order. The restricted Schur polynomial x{1191(Z, X) is given by

(22X = i 3T Ty (Tra(p) Tr (o257 X5,
PESng+my
(Tniye>Tmii.) is an irreducible representation of the Sy, X Sy,,, subgroup which permutes
indices of the Zs amongst each other and the indices of the Xs amongst each other. The
representation R; is an irreducible representation of the Sy, 4, subgroup that acts on the
first n1 Zs and the first mq Xs; the representation Ry is an irreducible representation of
the Sy,+m, subgroup that acts on the remaining no Zs and my Xs. To demonstrate the
restricted Schur product rule, consider

1
n1 !n2!m1 '7712'

X Z Z Z Xy (@) xq2y (02)x T2 (01 0 )

{1—1—2} 01€Sn1+m1 0'2€Sn2+m2

1
_ ®ni+n ®@m1+m
X n12!m12! Z TI' (7"7L1+2 77"m1+2) (FR1+2 (p)) TI' (pZ ! 2 ® X 1 2).

PESnia+myy

S e (Z,X) = (2:6)

{142}

After using (P.J) we obtain

1

Zf{{ll}Jr{é}}X{l“}(Z’X): 2o 7121 11700 ] Z Z §: X1y (1) X123 (02) X
ningimimso.

{1+2} 01€Sn, +mq 02€Sng+mg PESn g +mg

><5( [0'1 o az]r [p]r)Tr (pz®n12 ® X®m12)



1

= D > xu(e)xey(02)Tr (01 0 02252 @ XO12)
n1!n2!m1!m2!
o1 eSnlerl 0’265n2+m2

71 ®n ®@m ®n ®@m
" nylmy! D xylo)Tr (012%™ @ X ) atmy] > X2y (02)Tr (02272 © X¥M2)
JlESn1+m1 O’zesn2+m2

which proves the product rule.
Using the explicit formula for the dual character (R.J) leads to the formula

fR1+27(7"n1+27rm1+2)(5n1+2 75m1+2) _ n12!m12!
Ri,(rnymmy) R2,(rng rmy) ni'lnglmy !m2!(n12 + le)!
dr 3 >y
1+2
X d XRl,(rnl,rml)(o-l)XRz,(rnz ,er)(O-Q)
12 Mt g1 €S7L1+m1 0'2€Sn2+m2

o1 007) (2.8)

X XR1+27(57L1+2 75m1+2)(7"n1+2 77"m1+2) (

for the restricted Littlewood-Richardson numbers.

3. Computation of the restricted Littlewood-Richardson numbers

In this section we will develop rules that will allow us to compute the restricted characters
needed to evaluate the restricted Littlewood Richardson numbers. A general diagrammatic
method, strand diagrams, to compute restricted characters in the case that the polynomial
is built from a single matrix has been developed in [[[]. In this section we would like to
develop methods that are powerful enough to allow the computation of restricted characters
for polynomials built out of both Z and X. It is enough to compute the characters of two
cycles, since any element can be decomposed into a product of two cycles. It is precisely
this fact that was exploited to build the strand diagrams of [If]. In the next two sections
the character of arbitrary two cycles for an on the diagonal block restriction and then an
off the diagonal block restriction are computed. Finally, some example computations of
restricted Littlewood-Richardson coefficients are discussed.

3.1 On the diagonal restricted characters of two cycles

We need two pieces of information: first, we will introduce three Casimirs that will be
particularly useful. Second, we will argue that all characters for two cycles which do not
belong to S, X S, are equal. Taken together, these two facts will allow us to compute the
restricted character of an arbitrary two cycle.

Let the first n indices be associated with the Z matrices and the next m indices be

associated with the X fields. Greek indices run over « = 1,2,...,m 4+ n. Indices from the
start of the alphabet run over a = 1,2,...,n. Indices from the middle of the alphabet run
over i =n+ 1,n+2,...,n+ m. The operator
~ ntm
Ontm = Z (aB)
a<f=1



is a Casimir of S;,1+,,. When acting on an irreducible representation described by a Young
Diagram R with r; boxes in row 7 and ¢; boxes in column j it takes the value

Opm|R) = [ D ri(ri — 1) — ch(cj ~ D]|R).

(2

The operators

n n+m
On= > (ab), Om= > (ij),
a<b=1 i<j=n+1

are Casimirs of S,, X S,,. Consider the S,, x S, irreducible representation R, described by
Young diagrams 7, (for the Zs) and r,, (for the Xs). r, has ri; boxes in row i and ¢y ;
boxes in column j; r,, has rp; boxes in row ¢ and ¢z ; boxes in column j. These Casimirs
take the values

~

On|(rn,Tm)) = [Zﬁ,z‘(ﬁ,i —1)— Z crjlery — Drn, rm)),
Om| (1, 7)) = [Zm(m —1) — Z c2,j(c2j — D]|(Fny7im))-

If a cycle belongs to S, x Sy, it has the form (ab) or (ij). In this case

Tr ) ((a0)) = Ty, ((ab))dy,,,  and  Tr (., o) ((8)) = Tr o, ((4))dr,

We can calculate Tr,, ((ab)) and Tr,  ((ij)) using the results of [If]. We will now argue
that all characters for two cycles which do not belong to S, x S, are equal. Any two such
cycles can be related as

T'r((aj)) = Tr((ab))Tr((j1))Tr((61))Tr((jl))Tr((ab))
_ -1

Thus,
Tr (Tn’rm)<l“R((aj))> = Tr (10 (PR((ab))_IFR((jl))_IFR((bl))PR((jl))PR((ab)))
= Tt 1 ) (T, ((08) 7T, ((30) ' TR((B) T, ((G0) T, (b))
= Tr (T’nﬂ“m) (FR((bl))> .

Clearly, all characters for two cycles which do not belong to S,, x S,, are equal.
Taken together, these two facts imply that (the cycle (aj) does not belong to S, x S,)

' 1 n+m n '
TX (1 ) <FR((‘U))> = %izzn;rl;ﬂ(m,rm)@}z((w)))
= %Tr () (Ontm — On — Op). (3.1)

The eigenvalue of the Casimir operator On+m — 0,, — O,,, can be written as the sum of the
weights of R minus the sum of the weights of 7, minus the sum of the weights of r,,. This



observation allows us to derive much simpler formulas for the case that r,, say, contains
only a few boxes. Indeed, we can imagine that (r,,r,,) was formed by peeling boxes off R
to leave r, and then combining the peeled boxes to form 7,,. In this case, the eigenvalue
of On+m — O, — Oy, is given by the sum of weights of the boxes peeled off R minus the
sum of the weights of the boxes in r,,,. We will now give the simplified versions of (B.1]) for
the cases that m = 1,2 or 3.

Restricted character for m = 1. In the following formula, R is an irreducible repre-
sentation of S,,4+1 and 7, is an irreducible representation of \S;, of dimension d,,. A single
box must be removed from R to obtain r,. Denote the weight of the box that must be
removed by ¢;. The simplified character formula is

_Cl—N

Tr(Tn,D)<PR((aj))>— ——dy,.

Restricted character for m = 2. In the following formula, R is an irreducible rep-
resentation of S,42 and r, is an irreducible representation of S,, of dimension d,,. Two
boxes must be removed from R to obtain 7,. Denote the weights of the boxes that must
be removed by ¢; and co. The simplified character formulas are

. c1+cyg—2N —1
Tr (Tn,D:l) (PR((CL]))) = 2n drn7

. o +c9—2N +1
Ir (r 1) (FR((G‘]))) - on dry:

Restricted character for m = 3. In the following formula, R is an irreducible repre-
sentation of S,4+3 and ry, is an irreducible representation of S, of dimension d,,. Three
boxes must be removed from R to obtain r,. Denote the weights of the boxes that must
be removed by c¢1, ¢ and c3. The simplified character formulas are

c1+co+cec3—3N -3

Tr (., (110) (FR((GJ'))> = 3 dr,, s
. S0 tcpte3— 3N
b (T’nEj) (PR((GJ))> =2 3n dro
. +eytes— 3N +3
g (el = B
(T7l7 )

3.2 Off the diagonal restricted characters of two cycles

Before we can compute generic restricted characters, we need to compute traces over off
the diagonal blocks: Tr (. 1.} (sn,sm) <FR((045))), where (ry,,7) and (sp, Spm) are distinct
Sp X Sy, representations. This character clearly vanishes if (af3) belongs to the S, x S,
subgroup. What about the mn two cycles that do not belong to S,, X S;,,? For concreteness,
consider the computation of Tr (. 7 (s, 6m) (FR((ai))>. Let (rp,7m); denote the complete
set of irreducible representations of the S,_1 x Sy,—1 subgroup subduced by (7,7, ), that
is @1 (T, ™m)7 = (rn,Tm). The Sp_1 X Sp—1 subgroup of interest is obtained by keeping
all elements of S,, x S, that hold indices a and i fixed. The representations (ry,, )



and (s, $;,) have the same shape? so that we can establish a bijective map between their
bases. We will assume that this bijective map is the identity, which we can always arrange
by a suitable choice of basis. This choice of basis ensures that when we subduce to the
Sn_1 X Sp_1 subgroup we have

T (1, v ) (51,5m) <FR((<M'))> =D T (i) (s, <FR((ai))>-
I
We will now provide further insight into this formula. It is straight forward to prove that

(s )7 1T R ((01)) ) (50, 5m)7)

vanishes unless (7, 7m); and (sp, $;,); have the same shape. Introduce the Casimirs

n n+m
On1= Y, (), Oma= Y, (ki)
c<b=1%#a k<j=n+1#i

Denote the eigenvalue of Casimir O,_1 for the (T, 7m)] representation by )\7(]1—1) and the

eigenvalue of Casimir Om_l for the (r,, rm)’I representation by )\gm_l). Clearly, we have

Aﬁn_l)«rn,rm)},i]FR((ai))](sn,sm)']> = <(Tnvrm)171’0n 1FR(( ))‘(Snasm)/ﬁ
((rns ), A0 R ((a8)) O (510, 51))

= )‘gn 1)<(Tnarm IvZ‘PR( )‘(Snasm)/l
>‘1(~m_1)<(7"mTm)ifa“FR((ai))|(3m3m),1> = <(Tmrm)IaZ|Om IFR((‘“))KSn,Sm)H
= <(Tnvrm)I=Z’FR((aZ)) (87, 5m )/I>
|

1]
=\ 1)((rn,rm I,Z\FR( at) ) (Sns Sm)7)s

which implies that

((Pnsrm) 1, AT R((a4)) | (Sny Sm) 7Y o (5>\5n71) )\gn71)5)\$m71) A=)

We can repeat this with the complete set of Casimirs of S,,_1 X S;,_1, allowing us to
conclude that

((rns )15 AT R((02)) (S5 8m)T) X O ran Yt (5m,8m),

(5(%,%)} ($n25m) 1S equal to 1 if (rp,7); and (sp,sp); have the same shape. Of course,
this is just a consequence of Schur’s Lemma: since FR((ai)) commutes with all of the
elements of the S,_1 x S,,_1 subgroup, it is proportional to the identity when acting on
any irreducible representation of S,_1 X S,,—1. Thus, (the label i inside the ket labels the
carrier space state)

((Tny Tm)lla j‘PR((C”)) ’(Tny Tm)ljy Z> = n(rn,rm)’laij .

*It is only when (rn,7m) and (sn,sm) have the same shape that the trace Tt (., . )(sn,s,,) has any
meaning.

— 10 —



If we allow T'((ai)) to act in the full carrier space of R, this equation is modified to (the
sum is over all irreducible representations (¢, t,,) that can subduce a (¢, ¢, ) of the same

shape as (7, rm)7; the 5( on the last line is there to remind the reader that

Tnﬂ"m)ll (57“87”){]

a non-zero result is obtained only if (7, ry); and (sp, sy )’; have the same shape)

. . . tn,tm)} . .
<(3n=Sm)fh]‘PR((aZ))‘(Tnvrm)/lﬂ> = Z ﬁgm,rm)fff ((sns8m) 77 31 (tns tm) i1 1)
(trutm)/K

(Sn,Sm){] , , 5
(rn,rm)ll (Tnﬂ"m)l (87L7877L)J v

Although (sy, sm)’; and (74, )7 have the same shape, they may be distinct representations
in which case they were subduced by different S, x S,, representations. These matrix
elements are needed to provide a complete generalization of strand diagrams. This has an
important implication: in the present case, the most general non-vanishing strand diagrams
will not only record the reordering of boxes in the row and column states, it will also allow
the shape of the row state S,, x S, representation to reorder itself (by the movement of a
single box in r,, and/or a single box in r,,) into the column state S,, X S, representation.

(rnrm)T ndeed, it is
J

The trace we are interested in can also be expressed in terms of D )
nyfm

clear that

TT (1 ) (5m55m) (FR((GZ'))) =) T (s (5 ) (FR((ai)))
T

i (rn,mm)] )
o (Tny"‘m)l] (T"’T77L)I ’
I

d(r,y rpny, 18 the dimension of the irreducible representation (T, Tm)7. Since (rp,Tn) and

(Sn, Sm) have the same shape, we will not need to worry about the extra complication of

changing the S,, x S,, representation between the row and column states.

(7"7L77"m)/1
. | ! e T
The most direct way we have found to do this proceeds by determining the explicit change of

To determine the restricted character we need, we now only need to fix the n

basis from a natural basis of Sy, 4, to a natural basis for the S, x S,,, subgroup. We will illus-
trate the method with an example: using the methods of the last subsection, we easily find

Trpp <Fﬁ]]<(3,4)>> - —é

To extract I from @I we need to pull off the last box in the first row and the last box in
the first column. They can be pulled off in any order, so that we can write (i labels the
states in the [ carrier space)

Eﬂ;ﬁji,m = a@]gi} +ﬁ|@jzi>. (3.2)

Because the above state is normalized, we need o? + 32 = 1. Next, using appendix D.2
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of [[4] we can write
rﬁj((zﬁ))) \ﬁj;ﬂji,m> = yﬁm;ﬂji,m,
(= (45) [a@]gz» n m@ﬂw}

I
R
)
@
B
o
S~
_l_
/l_\
|
_l_
Q
B
o
S~

This then implies two equations

1 o -

They are not independent (as expected) and imply a = \/g 0 so that

9 3
a:\/g, B:\/g.

It is now straight forward to use the standard strand diagram techniques of [[[g to verify

that
> <\/§<E'Ez’| + \/g@_ﬂz’l) Fﬁj((?,,zl)) <\/§|E'Ez’> + \/gﬁ_ﬁw) - —%.

)

Although we have computed an on the diagonal character, it is clear that once the rela-
tionship (B.9) is established, it can be used to compute off the diagonal block characters
by employing standard strand diagrams.

Summary of the logic. Using the action of 2-cycles from the S,, subgroup - something
we already know in both bases - we have been able to determine the explicit change of basis
from a natural basis of 5,4, to a natural basis for the S,, x S, subgroup. This has enabled
us to compute the restricted character of the two cycle (n,n+ 1) which “straddles” S,, and
Sy Thus, we can now compute the restricted characters of all two cycles of the form (7, 7+
1), which is all that is needed to compute the restricted character of a general group element.

We will now argue that, as long as the number of boxes in 7, is small, we can find
formulas for the above change of basis for any representation 7,,. Removing the m boxes
(used to build r,,) from the S, ,, representation R gives a set of states that carry an
index for the carrier space of r,. The coefficient describing the change of basis is clearly
independent of this index. Thus, in what follows, the carrier space index of representation
r, plays no role and is hence suppressed.

Restricted character of (n,n+1) for m = 1. Denote the two labels of the restricted
trace by R, (r,,0) and R, (s,,0). R is a Young diagram with n + 1 boxes; r, and s, are
both Young diagrams with n boxes; they are both obtained by removing a single box from
R. Denote the weight of the box that must be removed from R to obtain r, by ¢,; denote
the weight of the box that must be removed from R to obtain s, by cs. For an off the
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diagonal block, ¢, # cs. Let R” denote the Young diagram obtained when both boxes are
removed. It is now straight forward to show that

1

Tr (rn,0)(sn,0) (FR<(n7n + 1))) =4/1— mdl%’%

where dp» is the dimension of R”.

Restricted character of (n,n + 1) for m = 2. The two possible types of restricted
Schur labels are R, (r,,,M) and R, (TH,H). R is a Young diagram with n + 2 boxes; r,, is a
Young diagram with n boxes. r,, is obtained from R by removing two boxes from R. We say
that box a is above box b if the weight of box a is greater than the weight of box b. Denote
the weights of the two boxes as ¢; and ¢y, such that the box with weight ¢; is above the
box with weight co. The relations between the natural 5,12 basis and the natural .S,, x Sy
bases are (although we have written these relations using a particular Young diagram, they
are true in general; on the right hand side, the box with label a is to be removed first)

|@:DH]ZD]>: 61—62+1 Cg—lgﬂ

2(01 —c2) 2(61 —c2)
. cf —cog —1H" co+1
B = ﬁ> a-atlgh

Notice that these states are orthogonal as they must be. It is now straight forward to
obtain any particular character we want by employing standard strand diagram methods.
We will now consider a particular example. The labels for the restricted trace are
R, (rp,m) and R, (s,,m). To obtain a non-zero off the diagonal restricted character, one
of the boxes removed from R to obtain r, must be in the same position as one of the boxes
removed from R to obtain s,. Assume that the common box has weight ¢;. Denote the
weight of the second box that must be removed to obtain r, by co and denote the weight
of the second box that must be removed to obtain s, by c¢5. Denote the Young diagram
obtained by removing all three boxes from R by R"’. It is straight forward to show that

01—02+1 01—054—1 1
T F 1 == 1 - 111 .
i (o 4)) = 2 S e

Restricted character of (n,n + 1) for m = 3. We will discuss this example in some

detail because it will provide the key to obtaining general results. We will consider the
case in which the three boxes to be removed have no sides in common. In this case, the

three possible types of restricted Schur labels are R, (r,,,0m), R, (TH,H]) and R, (rn,ﬂ). R
is a Young diagram with n 4 3 boxes; r, is a Young diagram with n boxes. r, is obtained
from R by removing three boxes from R. Denote the weights of the boxes to be removed
by c1, co and c3. The box with weight c¢; lies above the boxes with weights co and c3; the
box with weight c¢o lies above the box with weight c3. Consider the expansion (on the right
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hand side, the box with label a is to be removed first the box with label b second and the
box with label ¢ third)

T [T
\ﬁjﬂjm}> = 04123]> + a132 > + 04213’>
| T T
+Oé231|> + as312 > + 321 ||§|?> .

Notice that the subscripts encode the order in which boxes are to be dropped. By consider-
ing the action of the cycle of (n+2,n 4 3) on the above expression, we obtain 6 equations.

Only three of these are independent; they read

o193 = a123 + (/1 — ———5 913,
2)?

Q132 = aizz + /1 — ——=5 0031,
Cc1 —C3 (Cl - C3)

1 1
Qg = agol + /1 — ——=5 312
cg — C2 (c3 —¢2)

Similarly, by considering the action of the cycle (n+ 1,7+ 2) we obtain the following three

independent equations

Q23 = aigz + /1 — ———=5 s,
c2 — 3 (c2 —¢3)
1 1
Q13 = az13 + 4|1 — ———zasi2,
c1 —c3 (€1 —¢3)
1 1
Q321 = azgl + 4|1 — ———5 1.
c2—C (ca —c1)

These six equations can be written in a very compact form: let p denote the subscript of
a particular coefficient, i.e. a particular ordering of the three numbers 1, 2 and 3. Define
the action of the cycle (i,7 4+ 1) on p as follows: all numbers not equal to i or i + 1 stay
where they are; the numbers ¢ and i + 1 swap positions. Thus, (1,2) - 123 = 213. We will
also index the entries of p by i = 1,2,3. Thus, for p = 231, we have p(1) = 2, p(2) = 3 and
p(3) = 1. The six equations above can now be written as

1 1
U em) TGn) \/ (Cp1(i)— Cp1(i11))? (ii+1)-p

Simple algebra gives

Cp—l(i) — Cp—l(i_;,_l) + 1
oy = (e 70 .p .
’ \/Cpl(n T

These equations completely determine the unknown coefficients. Indeed, each subscript is
a particular ordering of the three numbers 1, 2 and 3. By using the first set of equations
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we can swap the positions of 1 and 2; by using the second set we can swap the positions of
2 and 3. Using these two operations we can relate any coefficient to any other. Thus, the
normalization condition

2 2 2 2 2 2
Q93 + A3y + Q13 + Qg + agp + oy =1

can be written completely in terms of ajo3 (say). This determines aq93 and hence all of
the coefficients. Solving for aj93 we obtain

9z = (a—co+1)(c1 —ez+1)(c2 —c3+1)
123 6(c1 — c2)(c1 — c3)(ca — ¢3) )

These conclusions are rather general: the equations following from applications of two
cycles of the form (n+i,n+i+1),i=1,2,...,m — 1 are given by (B.J) for any state on
the right hand side with label R, (7, (m) ) where (m) is the completely symmetric repre-
sentation. For any state on the right hand side, the equations following from application
of the two cycles (i, + 1), i = 1,2,...,m — 1 together with the normalization condition
determines the expansion coefficients uniquely. The resulting solution is

m—1 m
1 Ci—Cj-l-l
= T 1T !
" mb S |2 GG
i= j=i

It is now straight forward to compute restricted characters for any restricted traces with
labels R, (7, D).

Next, consider restricted traces with label R, (rn,ﬁ). Things work exactly as for the
case just considered. The relevant expansion is

ﬁ] H]H 5123| ) + ﬁzl?)wJ

—b_ 114
+ 5231 |> + ﬁ312|r> + (321 d |F> .

We will write the results of our analysis for general m. It is straight forward to obtain

1 1
—B, = By + (11— Bii+1) - ps i=1,2,...,m—1,
g Cp=1(i) — Cp=1(i+1) b (Cpfl(i) —cp,l(iﬂ))z (ii+1)-p

and hence

Cp=1(i) = Cp=1(i+1) —
6 = - P ﬁ 2,7
. Cp1(i) = Cprigny + 1 Y

Solving these equations together with the normalization condition gives

m—1 m
1 G — Cj — 1
B123--m | — I | | | S
m! c — C;
i=1 |j=i+1 J
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As a check of our phase conventions, we have checked that o, and 3, define orthogonal
vectors.

We have not been able to treat the last case, restricted traces with labels R, (7, Hj), for
general r,,,. Further, the solution we have obtained is not unique, because the representation
i appears twice in the outer product 0 x 0 x 0. We have tried to use the freedom we have
to choose the simplest possible solution. Consider the expansion

| e
BRI — 1) 42t ) + 3157 )
119 [T1€]
[ | la] b
) 2 ) + 2 ).

a is a multiplicity label - it takes the values 1,2. i is a label for states in the carrier space
of rp,; it takes one of the two values

[3]2] [B[1]
ilebu i:QHL@U.

A straight forward (but tedious) computation now determines

)

1 (en = 2)y/(eas + 1)(eas — Dz + 1) 1 Jes—1
Y1231 d ) Y1321 . 1712317
1 V(c12 — 1)(e12 + 1)(cas + 1) (c23 — 1)(c13 + 1) 1 c13—1 4
Y2131 = 2 ) Y3121 = V21315
d ci3+1
1 _ (612 + 1)(623 + 2) (613 — 1) 1 _ c1g — 1 1
Y2311 d ) Y3211 1y + 1723117
1 c12v/3(c23 + 1)(c23 — 1) (c13 + 1) 1 c3+1 4
Y1232 = ) Y1322 = — V12325
d Co3 — 1
Y3132 =0, Y129 =0,
(012 — 1)023 3(613 — 1) C192 + 1
721312 = - ) 7%212 = - 7%31 25
d C19 — 1
9 _ (623 + 1)\/3(612 + 1)(012 — 1)(613 — 1) 9 _ co3 — 1 9
Y1231 d ) Y1321 o3 + 171231,
2 _ (013 + 1) 3(613 - 1) 2 . ci3 —1 9
Y2131 = d ) Y3121 = 13+ 172131,
9 _ \/3((212 + 1)(612 — 1)(023 + 1)(023 — 1)(613 + 1) 9 _ jaz2— 1,
Y2311 = — s V3211 — V23115
d c12+1
o _ (e —1\/(ci2+)(e12 — (e — 1) 2 fes+1
Y1232 = ) Y1322 = — Y123 2>
d C23 — 1
9 B (2c12¢23 + c12 — ca3 + 1)y/c13 — 1 9 _ ci3+1
Y2132 = ) Y3122 = — V21325
d C13 — 1
9 V(12 + 1)(e12 — 1)(cog + 1) (a3 — 1)(c13 + 1) 9 ciz+1 5
Y2312 = d ) V3212 = — c1g — 1’Y231 2

where ¢;; = ¢; — ¢; and

d= \/6(61 — 02)(62 — Cg)(Cl — Cg)(2(01 — CQ)(CQ — Cg) —2co+c3+c+ 1).
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As a partial check of our phase conventions we have verified that

Py, (15, PRy

provides an orthonormal basis. This does not yet provide a complete treatment of the
m = 3 case, because we have not yet considered the case that the three boxes removed
share common sides. The generalization to this case is straight forward, using the methods
we developed in this section.

3.3 Some example computations of restricted Littlewood-Richardson coeffi-
cients

In this subsection we will discuss the computation of the restricted Littlewood-Richardson
coefficients that will be needed to study graviton interactions in the next section. The first
case we wish to consider are representations where R, r, and r,, are totally antisymmetric.
In the case of a single matrix, these correlators are dual to branes that have expanded in
the S° of the AdS5xS® geometry. Since n +m is cut off at N it is natural to conjecture
that the same interpretation holds even when the operator is built using two complex Higgs
fields. As an example, for n = 2 and m = 3 we are discussing the restricted representation
with labels

R= E =15,  (rn,rm) = (@, B) = (13,12).

This particular class of restricted characters are particularly easy to compute: because
the dimension of the representation and the dimensions of the restriction are equal, the
restriction is trivial and we have (e(o) is 1 if o is an odd permutation and 0 if ¢ is an even

permutation )
X(17L+m)7(1n71m)(0') = X(anrm)(O') = (—1)5(0),
and -
(1n+m)7(1n71m) _ nim! .

Consequently, for the case under consideration, we can express the restricted Littlewood-
Richardson numbers in terms of the Littlewood-Richardson numbers as

1n1tngtmytmy ((nidng qmitma) _n12!m12!(n1 +m1)!(n2 —I—m2)!
1n1+m1 7(1111 ’1m1 ) 1n2+m2 ’(177,2 71777,2)_

f1n1+m1 1n2+mg (n1tnat+mitmo,
ny!ng!lmylme!(nig + mqg)!

where we have used the formula
1
ngrlng!

Z Z xr(01)xs(02)XT (01 © 02).

a1€SR a2€Sy

frsT =

It is satisfying that upon setting m; = me = 0 our restricted Littlewood-Richardson num-
bers reproduce the standard Littlewood-Richardson numbers. Rules for the computation
of the Littlewood-Richardson coefficients can be found, for example, in [2§]. For the case
under consideration here, the Littlewood-Richardson number is 1, so that

1mitnatmytmy (nitng ymitmay n12!m12!(n1 + ml)!(ng + mg)!
1mFm,(1n1,1m) 1n2fme, (1m2,1m2) ni!ng!mi!mea!(ni2 + mio)!
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Notice that these restricted Littlewood-Richardson numbers are all < 1.

A second case of interest, are representations where R, r,, and r,, are totally symmetric.
The corresponding single matrix correlators were conjectured to be dual to branes that
have expanded in the AdSs of the AdS5xS® geometry. A beautiful test of this conjecture
was given in [29]. We again conjecture that the same interpretation holds even when the
operator is built using two complex Higgs fields. Again, this class of restricted characters
are easy to compute because the dimension of the representation and the dimension of the
restriction are equal. Exactly as above, we can express the restricted Littlewood-Richardson
numbers in terms of the Littlewood-Richardson numbers as

f(n12+m12 ((n1+n2),(m1+ma)) _n12!m12!(n1+m1)!(n2+m2)!f
(na+m),((n1),(m1)) (n2tm2),((n2).(m2)) ™ 1 Inglmy lmg! (n1g + my2)! (n1+m1) (n2+mz) (n12+mi2)

_ ni2!miz!(ny + mq)!(ng +mo)!
n1!n2!m1!m2!(n12 + mlg)!

where we have used the fact that in this case the Littlewood-Richardson number is again 1.
Again, upon setting m; = mo = 0 our restricted Littlewood-Richardson numbers reproduce
the standard Littlewood-Richardson numbers.

Another case in which general results can be obtained, involves multiplying a poly-
nomial in Z (xg,(Z) with R; an irreducible representation of S,) by a polynomial in X
(xR, (X) with Ry an irreducible representation of Sy,). The relevant restricted Littlewood-
Richardson numbers are simply

R(T’n,rm . dr
TR (B Re o) = T )y ZS ZS XR (01)XR2 (02)X R (1 rm) (01 © 02)
" m 01€E5n 02€EOM

= Ir Y xr (@)X (01) D XR(02)Xr, (02)

|
(n + m)'dTndTm 01ESR 02ESm

~_ nlm! dr 5 5
T (n+m)ld,d, ToretHerm:

We have not explicitly indicated a multiplicity label for r,, and r,,. This label is needed if
there is more than one way to subduce (r,,7.,) from R.

Finally, if we consider products of polynomials for which the total number of X's par-
ticipating is small, we can construct the explicit change of basis developed in the previous
subsection. With this change of basis in hand, all restricted characters appearing in the
formula for the restricted Littlewood-Richardson numbers can be computed using standard
strand diagram techniques.

4. Graviton interactions

A description of perturbative quantum gravity phrased in terms of graviton degrees of
freedom is expected to fail at high enough energy, when the gravitons become strongly
interacting. A perturbative description of the high energy physics needs to be phrased in
terms of new degrees of freedom that are weakly interacting at high energy. The exact
computations of [PJ], performed in the half-BPS sector of IIB string theory on AdS;xS®
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show that the sphere giant gravitons provide satisfactory degrees of freedom for a high
energy description. The half-BPS dynamics is captured by the dynamics of a single matrix.
In this section, using the methods we have developed above, we will extend the results of [27]
beyond the one matrix sector. Our conclusions are consistent with those of [PJ].

To estimate where the graviton description breaks down, we will estimate where the
two point functions differ appreciably from their planar limit. This difference indicates that
non-planar corrections are no longer suppressed and this implies that the large N orthog-
onality of the trace basis fails. The trace basis is dual, at low energies, to the supergravity
Fock space. The fact that orthogonality fails tells us that there are non-negligible interac-
tions mixing the graviton Fock space states; these interactions will invalidate perturbation
theory. If we build traces that contain only Xs or only Zs, we know that orthogonality
fails when we have O(v/N) fields in each trace [RJ, R]. Is this conclusion still valid when
we consider traces containing both Xs and Zs? The computations of 25, Pd] used the fact
that the combinatorics associated with the Wick contractions can be computed using a
zero dimensional complex matrix model. These techniques do not have an easy extension
to the mixed traces that interest us. A more powerful alternative technique (employing
symmetric group theory methods) to compute the single trace correlators was developed
in [27. Using the logic of [P7], we are able to compute mixed trace correlators. The basic
idea is that using the results of [[J]], we know how to compute mixed correlators in the
restricted Schur basis. To get correlators of traces we simply need to change from the
restricted Schur basis to the trace basis. This change of basis is easily accomplished using
dual characters. Any single trace operator can be written as

Ty (O.CZ®TL ® X®M) — Z XR’(T"’TW)(O-C)XR,(T’nﬂ“m) (Z,X),
R,(rn,mm)

where o, is an n + m cycle. For concreteness we will consider the trace Tr (Z"X™) which
corresponds to 0. = (123 ... m+n—2m+n—1m+n), up to conjugation by an element of
Sn X Sm. The computation of the relevant restricted characters is carried out in appendix
D. We find that this character vanishes unless r,, and r,, are both hooks - Young diagrams
with at most a single column whose length is > 1. Denote the number of rows in 7, by
$n+1 and the number of rows in 7, by s,, + 1. To subduce (ry,, ), the Young diagram R
must have at most two column with lengths > 2. We again imagine that boxes are removed
from R to compose r,,. The boxes that remain form r,. The result of appendix D says

(_1)5n+5m

B o _m(m—23m—1)
XR,(rn,rm)(Uc) e — (ZZ: C; mN 5 > ,

mn

where the sum on i runs over all boxes removed from R to produce r,,. Thus, the dual
character is

hooks), (hooks), (—1)sntsm m(m — 28, — 1)
R7(7"7L77"m) — ( Tn Tm L N _ m
X (0c) (hooks) mmn EZ: aom 2

= su!(n — s — Dspl(m — sy — D)Y(—=1)5 5 x F,

— 19 —



where the R dependent factor F is given by

(= — g
(hooks)

F=

Using the two point functions of [[I]] it is now straight forward to obtain

l(m — sm — Dlspl(n — s, — 1)!
(Tr (OCZ®" ® X®m)TTr (O.CZ®n ® X®m)> _ Z sm!(m — sm Nsnl(n — sy )
mn
Rv(T’nﬂ"m)

2
—28;,—1
xDimp (Z c,-—mN—%) ,

where Dimp, is the dimension of SU(NN) representation R and the sum runs over all labels
such that 7, and r,, are hooks. Denote the number of boxes in the first row of R by 7
and the number of boxes in the second row of R by r9. Denote the number of boxes in the
first column of R by ¢; and the number of boxes in the second column of R by co. It is
straight forward to see that

ro=m+n—S,—S,—71+1, co = 5Sp+Sm—3—cyq, ri+rot+eci+ec=n+m-+4.

Summing over R, (7, 7,) can be replaced by a sum over s,, S, r1 and ¢;. The value of

the sum is
2
(T (7:2°" @ X1 (027 © X)) = (n+ 1)(m]4\: 1)(N2 1)
y < 1 [(N—I—n—l—l)!_ (N —1)! } [(Z\H—m—I—l)!_ (N —1)! ]
(n+2)(m+2) NI (N—n—2)! N1 (N—m—2)!
B 1 [(N+n)!_ (N —1)! ][(N+m+1)!_ (N —1)! ]
N(m+2) N! (N —n—1)! N! (N —m —2)!
1 [(N+n+1)!_ (N —1)! H(N+m)!_ (N —-1)! }
N(n+2) N! (N —n—2)! N! (N —m —1)!
(N+n)!  (N=1)! T[(N+m) (N —1)!
+[ N! _(N—n—1)!H N! _(N—m—1)!]>‘

The above result is exact (i.e. to all orders in N) in the free field theory limit. Following [RJ]
we make us of the identity

(N +p1)!

1 —
m — NPotpitl exp |:—(p1 —p0)(po +p1 + 1)+ O(N 2):| ’

2N

valid when pg < N and p; < N, to explore the behavior of our two point function. We find
an appreciable difference from the planar answer (which is N"*™) when n?/N or m?/N
(or both) are held fixed. The leading behaviour of our two point correlation function is
4Nn+m+2 Tl2 m2

<TI' (O-CZ®n ® X®m)TTI' (O-CZ®n & X®m)> = W sinh W sinh W
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We have dropped terms of order 5t and . No finite order calculation in 1/N will reproduce
this result - in this range of values for m,n perturbation theory breaks down. This suggests
that, even when more than one matrix species participates in the trace, the validity of
perturbation theory in terms of gravitons (that is single trace operators) breaks down
when there are O(v/N) matrices in the trace. The cautious reader might object that we
have not built operators that correspond to chiral primaries of the SYM and hence that our
operators are not dual to gravitons. This is indeed true. However, the effects we study arise
because the large number of non-planar contractions possible over power the usual N ~2
suppression of higher genus effects. Thus, this effect is really only sensitive to the number of
fields appearing in each trace and not the specific details of how these fields are distributed.

We will now compute the three point function for three restricted Schur polynomials.
In what follows we will always employ the multi particle normalization

XXX o)
T(1;2]1 +2) = {1} X{2} X{1+42}
oyl gy ey I
of [[§. Consider first the case that each restricted Schur has totally antisymmetric labels

i.e. labels of the form 1™ (1" 1™). This corresponds to the interaction of three sphere

giant gravitons. In this case it is straight forward, using the results of section 2 and 3.3
and of [[LT] to obtain

i
<X1”1 +my 7(1”1 ,1m1 ) X]_"Z t+mg 7(1”2 , 12 ) Xlnlz +mq9 7(17L12 ,1m12 )>

L(1;2)1+2) =
’ ||X1n1+m1,(1”1,1m1)|| ||X1n2+m2,(1n2,1m2)|| ||X1n12+m12,(1”12,1m12)||

. (N—?”Ll —ml)!(N—’I’LQ—TTLQ)! n12!m12!(n1—|—m1)!(n2—|—m2)!
N N!(N —niz —mi2)! ny!nglmy!meol(nia + mig)!

We have written this result as a product of two square root factors. The first factor on
the last line has the same form as the one matrix result. If mq = mg = 0, this factor is
identically equal to the correlation function computed in the one matrix case. The growth of
this term for different values of n1 +m1 and ny+ms9 has been considered in detail in E, @]
For both nj +my and ng +my fixed as N — oo we find that [{, Pg| T'(1;2]1+2) ~ O(1), so
that these restricted Schur polynomials do not provide weakly coupled degrees of freedom

for long wavelength (low energy) modes. For ”1;rvm1 and ”2;rvm2 fixed and small in the limit
N — oo we find that [f, B I'(1;2[1+2) ~ e~V with a positive and O(1): these restricted
Schur polynomials provide weakly coupled degrees of freedom for high energy modes. The
second factor is always < 1. To see this, consider the binomial expansion of

14x)"= Z () zk, where ) = k"(lek)'
k=0

s

By comparing the coefficient of "** coming from the expansion of (1 + x)™ times the

expansion of (14 x)" to the coefficient of z"** coming from the expansion of (1 + x)™",
we learn that
m+n)

(") (}) + nonnegativeintegers = (/7
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Thus
() (%)
(")

which proves that the second factor is < 1. Notice that when mq = mo = 0, the second

<1

factor is identically equal to 1 so that our result correctly reduces to the one matrix result
of [B]. In summary, in the multimatrix sector we find the giant graviton degrees of freedom
are weakly coupled at high energy, consistent with the conclusions of [2J].

Finally, it is equally easy to compute the correlation function in the case that all three
giants interacting are in completely symmetric representations. This corresponds to the
interaction of three AdS giant gravitons. The result is

.i.
(X140, ((22),(m0)) X (n2m2), (12),02)) X (1 maz).((n12), (ma2))
|1X (m14m1), (1), (ma ) T 11X (Ratma), (m2)(ma ) X (12 4min2) (r12), (maa))

. (N+n12+m12—1)!(N—1)! n12!m12!(n1+m1)!(n2+m2)!
(N+m1 +’I’L1—1)!(N—|—’I’L2 —I—mg—l)! n1!n2!m1!m2!(n12 + mlg)! '

I(1;2]1 +2) =

It is again easy to verify that if we set m; = 0 = mg, we recover the one matrix result of [f.
For M4 and 2242 fixed and small in the limit N — oo, we find I'(1;2[1 + 2) ~ eV

with a positive and O(1) suggesting that these restricted Schur polynomials do not provide

weakly coupled degrees of freedom for high energy modes.

5. Interpretation of restricted Schur polynomials

The restricted Schur polynomial XR7(T’7L7Tm)(Z7X ) has three labels R, r, and r,. The
label 7, is naturally associated to the Zs and the label 7, to the Xs. It seems natural
to think that the composite operator Xg,(r,,r.)(%, X) is constructed from the half BPS
“partons” x., (Z) and x,,,(X). In this section we will see if we can gather some evidence
that X g (r,,rm)(Z, X) indeed has a partonic structure.

Before considering the parton structure of the restricted Schur polynomials, we recall a
related relevant problem: the parton structure of hadrons [B{]. At high energy, above about
10 GeV, proton-proton scattering produces a large number of pions, with momenta mainly
collinear with the collision axis. The probability of producing a pion with a large component
of momentum transverse to the collision axis is exponentially suppressed with the value
of the transverse momentum. A picture of the proton as a loosely bound assemblage of
partons was consistent with the observed data. It is at high energies, where the partons
become weakly interacting (thanks to asymptotic freedom) that they are visible in the
experimental results. At low energies the constituents are strongly interacting and the
parton structure of the proton is not visible.

Is there an analogous limit in which we expect the constituents of the restricted Schur
polynomial are weakly interacting? Do we see evidence for a partonic structure in this
limit?

There are two distinct ways in which we could obtain a weakly interacting system.
The parameter which controls the interactions among our proposed constituents is % We
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could thus imagine taking N — oo and systematically expanding our (exact) correlator
results, keeping only the leading order. Alternatively, we could ask if there are situations
where we expect the constituents are naturally weakly interacting. We will follow this
second approach. Interactions between membranes are mediated by the open strings ending
on the membrane’s worldvolume; in general the string and the membrane can exchange
momentum, that is, the string can exert a force on the membrane. For the special case of
a nearly maximal sphere giant,® this interaction is highly suppressed and the open strings
attached to a maximal giant do not exert a force on it [BI]]. Thus, to get weakly interacting
partons, we consider a bound state built from two partons, one of which is a boundstate
of nearly maximal sphere giants. In what follows, we take 7, to be a Young diagram with
¢ columns and p rows with ¢ a number of O(1) and N — p a number of O(1). From the
results of section 3.3 we know that

n'm'

where the sum is over all representations R that can subduce (7, 7,) and (4) is a multiplicty
label distinguishing the different (r,,7,,) representations that can be subduced. If we
normalize the above operators so that they have a unit two point function we obtain

N Dim
X (Z) X (X ZZ —f5 R () 20y (Z5 X), (5.1)

Dim,, Dim,, TR’

where a hat denotes operators with unit two point function and Dimp denotes the dimen-
sion of the SU(N) irreducible representation labeled by R. It is simple to check that there
is a single Young diagram R that dominates the sum on the right hand side; it has the form
displayed in figure 1 below. Indeed, any boxes stacked below r, must be antisymmetrized
with the other indices in the same column of the Young diagram; since the number of boxes
already in the column is p, the index corresponding to the boxes stacked below 7,, can only
take N —p = O(1) values. In addition, one divides by a big symmetry factor (it is O(N)).
In contrast to this, the indices corresponding to boxes stacked next to r, are symmetrized
with boxes appearing in the same row. These can take O(N) values. Since the number of
boxes in the row is O(1) one divides by an extra symmetry factor of O(1). There is a single
way to subduce this dominant R so that there is no need for the ¢ index. It is now clear
that the leading correction to this term is of order % Lets now consider the interaction of
XR,(rn, ,rml)(Z7 X) and )257(5@787”2)(& X), where both r,,, and s, are boundstates of nearly
maximal sphere giants. This is the analog of scattering two protons. Using (B.1]) it is now
straight forward to see that

(hooks) g (hooks)s
Z, X Z,X) =
Xt rm) XS o0 900 2 X) = (i), ook, (hooks),,, (hooks),
nig!mioldr
Tnq S Tmq S i Z,X).
X; ;: ZF:Z (12 +m12)!dtn12dtm12f”1 matnra From st X, 69, 69, (0 %)
n12 tmyo ¢

3To be more precise, we consider a giant graviton which carries momentum p with N — p a number of

o(1).

— 23 —



Figure 1: The Young diagram which dominates @I) is obtained by stacking r,, next to r, as
shown.

Even in the large N limit, the right hand side is a sum over a number of terms - many
possible states can be formed as a result of the interaction of our two composites. Note
however that the detailed structure of this interaction, in particular which representations
tny, and tp,, appear, is determined by the Littlewood-Richardson coefficients fy,,
and fy,,
interaction between the % BPS partons

XTnl (Z)X3n2 (Z) = Z f'f‘nl Snztnl +ng th1+n2 (2)7

tnl +ng

erl (X)X5m2 (X) = Z frmlsmgtm1+m2 Xtm1+m2 (X)

tml +mo

Sng tnl +mno

These Littlewood-Richardson coefficients give the detailed form of the

Smg tml +mg *

Thus, the interaction of the composites is as a result of interactions between the partons.
The picture that has emerged is very similar to the parton structure of hadrons described
above.

6. Discussion

In this article we have demonstrated that the restricted Schur polynomials satisfy a simple
product rule, generalizing the rule known for Schur polynomials. Using this rule it is
now possible to perform computations of higher point correlation functions of restricted
Schur polynomials. We have obtained explicit formulas for three point functions of a large
class of restricted Schur polynomials which are built using antisymmetric or symmetric
representations. Using these results we have been able to argue that restricted Schur
polynomials built using the antisymmetric representations provide a suitable set of degrees
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of freedom for the description of perturbative quantum gravity, in agreement with the
conclusions of [RF and extending the explicit computations performed there.

A key building block appearing in the restricted Schur polynomial is the restricted
character. The restricted character is a generalization of the usual character, which plays
a central role in group theory. In this paper there is a development of the restricted
character theory parallel to the character theory of finite groups. The notions of a conjugacy
class and of a dual character, have been generalized to the notions of restricted conjugacy
class and dual restricted characters. These generalizations lead to a set of orthogonality
relations satisfied by the restricted characters. In this way we have ultimately obtained the
generalization of the Littlewood-Richardson coefficient.

By studying the interaction of two restricted Schur polynomials we have suggested a
physical interpretation for the labels of the restricted Schur polynomial: the composite
operator X g, (r, r,)(Z, X) is constructed from the half BPS “partons” x, (Z) and x,, (X).
Specifically, we have identified a composite operator in which the constituent partons are
weakly interacting. The interaction of two such composites is largely determined by the
interactions of the partons. This is analogous to the shower of pions produced when two
hadrons interact; the pion shower can be attributed to the parton-parton interactions
between pairs of partons belonging to different hadrons. In cases when the partons are
strongly interacting (for example, at low energy), they are not visible and a partonic
description of hadrons is not useful. In a similar way, we expect that when the constituent
half BPS partons are strongly interacting, this might not be a useful interpretation of the
restricted Schur polynomials. The picture of a composite comprised of half BPS partons
seems to be similar to the proposal of [BJ] that every supersymmetric four dimensional black
hole of finite area can be split up into microstates made of primitive half-BPS “atoms”.
The idea that each half BPS state should be treated as an independent parton matches
nicely with the picture that has emerged for half-BPS states in AdS; [, BJ. Finally, it
is not yet known how to build restricted Schur polynomials that correspond to % or %
BPS states. In [B4] % and % BPS states were obtained by putting together % BPS dual
giants; making contact with that work may indicate which restricted Schur polynomials
correspond to % or % BPS states.

Although we have focused on the case of two matrices, the extension to more matrices
is straight forward as described in appendix C. It would be interesting to work out some
explicit examples with more than two matrices. Further, even for two matrices, it would be
nice to make the formalism developed here more efficient. Indeed, in computing the values
of two cycles with one index in the S, subgroup and one index in the S,, subgroup, we
have built a change of basis. This allows us not only to compute the value of the trace, but
the value of any matrix element. This is much more information than we actually need;
surely more efficient methods can be found.

The Littlewood-Richardson numbers have many interpretations: as coefficients in the
decomposition of tensor products into irreducible GL,, modules, as coefficients in the de-
composition of skew Specht modules into irreducibles, as coefficients in the decomposition
of S, representations induced from Young subgroups and as intersection numbers in the
Schubert calculus on a Grassmannian [B§]. How much of this generalizes for restricted
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Littlewood-Richardson numbers? Finally, our work contains some general directions for
the study of multi-matrix models. The eigenvalue based techniques that were so useful
for the description of one matrix models do not seem to have an easy generalization for
multi matrices. For one matrix models, the eigenvalues provide a set of O(N) variables;
since fluctuations about the large N configuration are O(N~2), these provide a suitable set
of variables for the implementation of a saddle point approximation. In general, it would
be incorrect to assume that the matrices of a multimatrix model can be simultaneously
diagonalized.* Thus, at best it seems that one needs to keep the eigenvalues of each matrix,
plus unitary matrices which encode how one goes between the bases in which a particular
matrix is diagonal. This gives a total of O(N?) variables, so that this does not provide a
promising starting point for a saddle point analysis. In contrast to this, using the technol-
ogy of [[[4, f-[1]], we can give a rather detailed description of the free multi-matrix models.
One loop results for the super Yang-Mills F term also have a description in this frame-
work [[[5, [, [[9]. It would be interesting to develop these methods further by developing
efficient techniques for extracting large N results and for managing more general potentials.
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A. Identities and notation

The polynomials we construct are built out of two matrices, X and Z. We will typically
use an n to denote the number of Zs in the polynomial and an m to denote the number
of Xs in the polynomial. The polynomial is built using an irreducible representation of
the symmetric group S+, that permutes the indices of the Z and X fields amongst each
other. We will denote the Young diagrams labeling representations of the symmetric group
acting on both Xs and Zs using capital letters. The indices of the matrix representing
an element of this group will be denoted by capital Greek letters. Thus, the elements
of the matrix representing ¢ in the S,,4,, irreducible representation R will be denoted
by [F R(a)]qj o+ The irreducible representations of the S, subgroup that acts only on the
indices of the Z fields will be denoted by a small letter with a subscript n; matrix elements
of this representation will be indexed using letters from the start of the alphabet. Thus, the
elements of the matrix representing ¢ in the .S,, irreducible representation r,, will be denoted
by [I‘m (O’)]ab. The irreducible representations of the .S, subgroup that acts only on the
indices of the X fields will be denoted by a small letter with a subscript m; matrix elements

4 An exception to this is the sector of the theory comprising of the chiral ring at strong coupling - see [E]
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of this representation will be indexed using letters from the middle of the alphabet. Thus,
the elements of the matrix representing o in the S, irreducible representation r,, will be
denoted by [T, (U)L.j. Finally, irreducible representations of the S, x S, subgroup that
permute the indices of the X's and permute the indices of the Zs is denoted by (ry, rm).
The delta function d(o) is 1 if o is the identity and zero otherwise. In this article the §(-)
is usually summed with a summand that is a class function. In addition, we usually have a
delta function defined on the classes, i.e. we have 6([o] [7] ) instead of §(o7). The relation
between these two is easily established: Let F'([o],) be any class function. By comparing

Z F([a]r)é([a]r[T]r) and Z F([o];)é(oT)
o€Sn o€Sn

we find that, when summing the delta function multiplied by any class function, over the
whole group, we can freely replace

%,(rn,rm)
B. A formula for the restricted Littlewood-Richardson numbers

In this appendix we will employ a bra/ket notation. In what follows, R is an irreducible
representation of Sy, and (ry,,7,,) is an irreducible representation of S, x S,,. We label
the irreducible representations of S, x Sy, by a Young diagram r, with n boxes (which
labels an irreducible representation of S,,) and a Young diagram r,, with m boxes (which
labels an irreducible representation of S,,). For states belonging to the carrier space of R
we write |[R,T"). For states belonging to the carrier space of (74, 7,) we write labels acted
on by the S,, and S,, subgroups separately |r,, a;r,,7). For example, we write

[Cr(@)] g = (R, Ala|R, ¥).

For a trace over an “on the diagonal block” (see [[3, [[4] for an explanation of this termi-
nology) we write

Tr (rn,Tm) (FR(U)) = Z Z<rny a5 T'm, i|R7 A> [FR(U)] A© <Rv @|rm a5 T'm, Z>
i,a AO
For an “off the diagonal block” we write
TI' (7"7L77"m)7(5n75m)(FR(J)) = Z Z<rn7 (l; Tm7 Z|R7 A> [FR(J)] A® <R7 ®|S’ﬂ7 a; Sm? Z>
i,a AO©

For the labels of the off the diagonal block, we need (r,,7,,) to have the same shape as
(Sns Sm). This means that r, and s, as well as s,,, and r,,, have the same shape.
For ay € 5, and ay € S,,, we have

[FR(al © Oég)] ve <R7 \II|O‘1 o a2|R7 ®>
= Z Z <R7 \I”Tn, a;TM7i><rn7a; Tmni Qq o a2’tn7 bvtmu,]>

Tn,Tm %t tm,b,J

X <tn7 b7 tma]‘R7 ®>

— 27 —



Z Z(R, Ulry,, a; rm, 1) [Frn(al)] b [Frm(ag)] ij

Tn,Tm,a,¢ b,j

X(rn,b;rm, j|R, ©) .

To get to the last line we have used the fact that if oy € S, and as € S,, then
Py @3 Ty i|laq © aolty, by tm, ) X O, t, Or, ¢, . Use this identity to compute

Z Z [Tr(a1 0 az)] 7o [T, (al_l)] ab [T, (03 1)] ij
a1 €Sy €S
= Z Z Z <R7 \Il’tn7 G tm? k> [Ptn (041)] cd [Ptm (042)] kl

a1 ,02 tntm cdkl

X{tn, it LR, ©) [T, (a7 )] 4y [T (03 1)]
nlm!

= D AR YD i) () e iR, ©).

Tm i

To obtain this result we have used the fundamental orthogonality relation

> [Tr(@)],[Ts@™)],, = %5%5@5@,

a€g

with dr the dimension of irreducible representation R and g the order of G. A given
Sh X Sy, irreducible representation may be subduced more than once by an S, 4, irreducible
representation R. When applying this relation to the sums over a1 and aq, we will get
a contribution from all representations whose S,, and S, labels match. The index i in
(rg),r,(,?) runs over the complete set of identical S,, x .S, irreducible representations. This
last identity will be used to argue that the dual character is

R(T() (1))( 7(3)’7457];))( ) - an'm'

XR’RW( ) X — dr dr (7’1, + m) XR (ng) T"Erjl))( 5:)77“%))(7—)

To verify this, we compute

> X (T)xmR, (0)

R,R,

CIONNOIE
=2 2 2 XM, (0 4069 16 (©)

R 7(12) 7(1? 5}]) 5711)

D INDIND DD

R (l) 74(2) (4) (J) O,V.I"% a,b,i,j

Pr(o)euTr(r)re(ri), a;r) iR, O)(R, U[r), a; ) i)
j j d n'm!
G pr() 45 () () - R

X<Tn ’b’Tm ’j’R’F><R72’Tn 7bvrm7]>drnd (n—l-m)

B drn!m! dy, dy,.
=22 > ) Tr(@erls(r )derndrm(n+m)! < nlm! >

R Tn,rm ©,9 I3 a,b,i,j
x > [Prlar002)] 5o [T, (a7 M)],, [Tr (03 )]

1,02
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x > [Tr(Br0B2)] g [Tr (BT )] o [Trn (B2 1]

B1,82
=> > FR(U)Q\IIFR(T)FEﬁ [Tr(c1 0 a9)] s [Trer ! 0ag )] yr
R o1,02
_ _ d
- ERjZ xr(o(ai 0 a3 )r(ar o a2)) oty
= n!m!é([a]T[T]T),

which demonstrates the result. In the above proof we have made use of the formula

> (o) = 3(0).

r 9

fT,(t,(f),ti?)(t%),t%)) __ v Z Z
R,Rq 5,53 - 7’L1!’I’L2!7TL1!77L2!

g1 Esnl +mq O'QESnQ +mo

Clearly then,

dT(’I’Ll + ’I’LQ) (m1 + mg)'
dy, dy,, (n1 +ng +my + mo

JIXE: Ra (01)X8,55(02) X (D 1) (D) 46 ))(0’1 0 032).

C. More than 2 matrices

Consider a matrix model with d species of matrices. R is an irreducible representation of
St tnottng a0d (T, Tng, ..., T, ) is an irreducible representation of Sy, X Sy, X -+ X Sy,
The Young diagram r,, has n; boxes; it labels an irreducible representation of S,,. It is
straight forward to show that

d
H Z [PR(al O@0---0 ad)] N7¢e) [Prm (al_l)]alh o [Pr"d (agl)]adbd

=1 C‘fiesni
d

=11

=1

Z R \I”Tnl,bl;rgz),bg; () bd>< () , a1, T gz)ag; ey ndad\R @>
rnz J

This last identity can again be used to argue that the dual character is

R i e g ) () i) o)) () —

X

d
H—k dR Xp (n0) ) &) NONERONGY!
_ dr, (N1 +ng + - +ny)! Ry(raiy iy e "Jd)( nl’ ThgTng)

Clearly then, (R is an irreducible representation of Sy, {nyt...4n,; R is an irreducible
representation of S, x Sy, X -+ x Sp,; §'is an irreducible representation of Sy, +-ma+--tmy;

Sp is an irreducible representation of Sy, X Sy, X+ - - X.Sy,,,; T' is an irreducible representation
of Snitnot - tng+mi+mattmy; (r,(fl),rgz),.. 7’7(2) and (r,(fl),r,(fz),.. r,(fd)) have the same

shape and are both irreducible representations of Sy, 1m;, X Snotms X =+ X Snytmy)
[3 j d
T(T’() (4) ())( 7) ..(3) (J))

f n1:TngrTng)\Tng sTngs-Tng) H 1 Z Z
R,Ra 5,55 - n,'mz'
i=1

O1ESn +no+-+4ng 02€ESm | +mg+--4my
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ﬁ nk+mk dr

X
k=1 T’k (nl+Tl2+'~+nk+m1+m2+...+mk)!

XXRRa (01)X5,55 (020X (0 oD o010 10 ot (T)-

Trg yeeT TnysTngsTng

D. Restricted character computations

In this appendix we will consider the computation of the restricted character, for arbitrary
representations, on the m + n cycle o, = (1,2,3,...,m 4+ n). This character is needed
to evaluate the two point functions used in section 4. Representations are labeled by a
Young diagram. To specify a Young diagram, we will list the number of boxes in each
row. In this appendix, the Young diagrams, called “hooks” in [P7] will play an important
role. Listing the number of boxes in each row, the hook diagrams are always of the form
(n+m—s,1,1,...,1). Recall that the symmetric group character xgr(o.) is (—1)° if R is
a hook and zero otherwise. Let us verify this formula, using strand diagrams, for the hook
. There are two possible ways of removing the three boxes

[B12] B[]
H_‘ or L@U

Using the decomposition
(123) = (12)(23),

the strand diagram gives

[3]2]
I N PR,
Cl —CoC2 —C3 2
[3[1]
:§><—1 for L@u (D.1)

The sum of these contributions is —1 as it should be. Refer to a particular order of removing
the boxes from the Young diagram as a path through the Young diagram. The strand
diagram computation for the character of the m + n cycle o, in the hook representation
(n+m—s,1,1,...,1) implies that

m+n—1
> I ===
paths =1 G = Citl

First we establish that the restricted character of the m+mn cycle o, with representation
(n+m—s,1,1,...,1), and representation of the restriction obtained either by removing
the box from the last or the first row. In this case, don’t sum all paths - only sum paths
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that start from the last or first row respectively. Denote these two sums graphically as

[ 1]

m+n—1

_ 3 H%

)
Y
paths startinginrow 1 i=1 ¢ i+l

=

m+n—1 1

= 2 Il .—

Ci — Ciy1
paths startinginrow s+1 =1 v i+1

The result we will establish says that (recall that there are m + n boxes in the hook)

HEEY

U

s
m+n—1

= (-1

Assuming this result is true for a hook with m + n boxes and s + 1 rows, it is straight

forward to prove it is true for a hook with m +n + 1 boxes and s+ 1 or s+ 2 rows. Indeed,
for m +n+ 1 boxes in the hook and m +n + 1 — s boxes in the first row (so that the hook

has s+ 1 rows), we have

L[] [ 1] [2]1] HEENL
] =L +2

[ [ [ [1] [ [ TT]

= + L
L] ———
m+n—s—1 1 s

= © (1) —1)*
m+n—1 (=1) +m+nm—i—n—1( )

m—i—n—s(_l)s‘

m-+n

For m + n + 1 boxes in the hook and m + n — s boxes in the first row (so that the hook

has s+ 2 rows), we have

[ HERR

=

—+
I

|11 [ L[]

m+n
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1 m+n—s—1 S

_m+n m+n-—1 _m—l—n—l
_ s+l (—1)"+L.
m-+n

Thus, to establish the result it is enough to show that
[ 1]
AR

which has already been demonstrated in (D.1]) above.
We are now ready to tackle the computation of Tr ., ,.)(Ir(o.)) . We again use a

)

strand diagram technique, which amounts to summing over all paths and decomposing o,
into a product of two cycles. The values of all two cycles (i,i + 1) except for (n,n+ 1) are
given by (¢; — ¢;41) ! with the weights ¢; read off the paths, coming from 7, for i <n —1
or from r,, for ¢ > n. If we strip off the boxes belonging to r, first, we can factor out
a term which equals the character of (1,2,...,n) in irreducible representation r, so that
Tr (1, rm) (CR(0¢)) vanishes unless 7, is a hook. Stripping off the boxes that belong to 74,
first, allows us to conclude that Tr,, ... (I'r(0c)) again vanishes unless 7y, is a hook. Let
the hook associated with 7, have n boxes, arranged as (n — sy, 1,1,...,1) and let the hook
associated with r,, have m boxes, arranged as (m — s,,,1,1,...,1). Given that both r,
and 7, have to be hooks, what are the allowed values of R? Further, given these values,
what is Tr ., ,.) (r(0c)) 7 The allowed values of R fit into four possible cases. In what
follows we will list the structure of the R, (r,,7.,) label for these four cases.

Case 1: r,, contained in 7r,, with no overlap. To denote the structure of this case
we display R together with an z in the boxes which are removed to give ry,

z
2]

In general, the last box removed from r,, does not correspond to a specific box in R. In
this case the number ¢, — ¢, 41 appearing in the usual strand diagram computations is not
well defined - the strand diagrams techniques of [[[§] are not applicable. However, for case
1, the box in the second row and second column is the last box of r,, that is removed.
Thus, ¢, — ¢,+1 has a definite value and it is simple to compute the value of the (n,n + 1)
cycle. Using the formulas given above, it is straight forward to verify that

misn(_il)sn_i_(_l)sm 1 (n_Sn— 1)(—1)3”

Tr (T7L7T77L) (FR(UC)) = _(_1)8
= 0.

S, n—1 n—=s,—1 n—1

Case 2: r,, contained in r,, with row overlap. Display R together with an x in the
boxes which are removed to give 7,

]

BE
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In this case, the box in the second row and second column or the last marked box in the
first row, is the last box of r,, that is removed. The argument for case 1 does not easily
generalize to case 2 (or cases 3 and 4).

Case 3: r,, contained in r,, with column overlap. Display R together with an x in
the boxes which are removed to give r,,

BE

(2]

Case 4: r,, contained in r,, with row and column overlap. Display R together
with an z in the boxes which are removed to give 7,

2]

z
7]

1zl

We will now give an argument applicable to all four cases. As a nontrivial check of
our general formula, we will verify that it predicts zero for case 1. Decompose our n + m
cycle o, as

o.=(1,2,....,n)(n,n+1)(n+1,n+2,...,n+m).

Using the S, x S, symmetry enjoyed by our restricted character, we can replace

Zn Cyclcs(ily 12,. .. ,’Ln)

(1,2,...,n) = Cp = (n—1)! ,

(n+1,n—|—2,...,n—|—m)_,cm:chyclcs(l 2 m)
(m —1)!

Cp, is a sum over the (n — 1)! n-cycles in S,,; C,,, is a sum over the (m — 1)! m-cycles in Sy,.
It is clear that C, and C,, are Casimirs of the (r,,r,,) representation. Using the known
characters of the hooks, it is straight forward to see that

Tr(Cn) = (=1, Tr(Cm) = (=1)"",

so that these two Casimirs have eigenvalue

_ (e _
Cn = A Cm =

n

Thus, we now have

Tr () i) (Pr(oc)) = Tr (Tn,Tm) (Cn(n,n +1)Cpn)

—1 Sn —1 Sm
— ( d) ( d) Tr () ) (0,104 1))

n Tm

_(=1)pmtem ‘ m(m — 28, — 1)
R -
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where to get to the last line we have used formula (B.1]). The sum in the last line is over the

weights in R which are peeled off and recombined to produce r,,. Notice that to evaluate
these hooks we have not needed off the diagonal block traces of the (n,n + 1) character,

which is why we are able to obtain a simple and general formula. In addition, this formula

is in perfect agreement with the result obtained above for case 1.
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